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An analytical model for the diatomic potential energy function that was recently tested as a universal
function (Hajigeorgiou, 2010) has been further modified and tested as a suitable model for direct-
potential-fit analysis. Applications are presented for the ground electronic states of three diatomic mole-
cules: oxygen, carbon monoxide, and hydrogen fluoride. The adjustable parameters of the extended
Lennard-Jones potential model are determined through nonlinear regression by fits to calculated rovibra-
tional energy term values or experimental spectroscopic line positions. The model is shown to lead to
reliable, compact and simple representations for the potential energy functions of these systems and
could therefore be classified as a suitable and attractive model for direct-potential-fit analysis.
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1. Introduction

The determination of a potential energy function (PEF) for a dia-
tomic molecule from experimental information has long been a
principal objective of molecular physics. During the era preceding
and following the dawn of quantum mechanics by Heisenberg’s
matrix mechanics formulation in late 1925 [1], and through
Schrédinger’s wave mechanics representation in late 1926 2], sim-
ple few-parameter closed-form PEFs were proposed by several
investigators [3-6]. The concept of a PEF for an isolated non-
interacting electronic state also emerges naturally from the theo-
retical treatment of Born and Oppenheimer [7], where separation
of nuclear and electronic motions is achieved by assuming instan-
taneous adjustment of the electronic cloud in response to small
changes in the internuclear spacing. Essentially, the electronic
energy eigenvalues are calculated at fixed internuclear separations,
and together with the nucleus-nucleus Coulombic repulsion term
they comprise the traditional PEF. Generation of a PEF for a dia-
tomic molecule is an efficient way to encapsulate the rovibrational
energy levels and associated wavefunctions, and is particularly
useful for further applications in chemical physics.

Owing to limited computational resources and given the rela-
tively crude precision of spectroscopic information at the time,
the simple available models for the potential energy were often
adequate. However, over the years, the development of more
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advanced spectroscopic techniques and the associated improve-
ment in the precision of spectroscopic data, along with the parallel
enhancement of computational resources, led to the proposal of
more refined schemes for the determination of a PEF. A numerical
procedure that served as a reliable workhorse for many decades is
the Rydberg-Klein-Rees (RKR) method [8-10], which is based on
the 1st-order Wentzel-Kramers-Brillouin (WKB) quantization con-
dition [11-13], a convenient framework leading to the solution of
the Schrédinger equation for nuclear motions.

The wide availability of powerful microcomputer systems in
recent decades has revolutionized the field of spectroscopic analy-
sis. Estimation of molecular constants has been superseded by
modern numerical methods, such that direct determination of
multi-parameter PEFs from very highly precise spectroscopic data
has nowadays become routine. A brief history of the evolution of
advanced empirical models for the potential energy is considered
below in this article. It is argued that while investigators have
achieved superb modeling of the physical aspects of diatomic
molecular electronic states, the increasing complexity of the mod-
els has rendered the end-products of such work far too unpalatable
for most users. As an indication of the growing complexity of mod-
ern semi-empirical PEFs, it is worth emphasizing that key contrib-
utors to this type of analysis such as Coxon and Hajigeorgiou [14]
and Le Roy’s group [15] have recently included in supplementary
material stand-alone Fortran subroutines for calculating the PEFs
from sets of estimated parameters. The principal objective of the
present work is to revert to a more comfortable level of simplicity
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in the PEF while still accounting for the various effects that govern
the behavior of a chemical bond at different internuclear distances.

The PEF model proposed in the present work is a modified ver-
sion of the Extended Lennard-Jones (EL]) potential developed by
Hajigeorgiou [16]. The ELJ model is applied in direct-potential-fit
(DPF) analyses of three diatomic data sets: (a) rovibrational term
values for the ground electronic state of oxygen, (b) a large set of
spectroscopic line positions for the ground electronic state of car-
bon monoxide, and (c) all the available ground state pure
rotational, vibrational-rotational and B — X electronic data for
hydrogen fluoride. It is demonstrated that application of the ELJ
model gives results that are fully comparable with those from pre-
vious analyses that employed either more complicated or struc-
turally less adequate models for the PEF. The underlying
simplicity of the ELJ model makes it a desirable option for DPF
analysis.

2. Evolution of PEF models for DPF analysis

The first investigation employing a DPF analysis on diatomic
systems was carried out in 1988 by Gruebele et al. on the ground
electronic states of the cations OH" and ArH* [17]. The models
selected to represent the PEFs included the Dunham potential
polynomial expansion [18], the Simons-Parr-Finlan (SPF) potential
polynomial expansion [19], and a Morse potential expansion sim-
ilar to that proposed originally in Dunham’s seminal paper [18].
While all three expansions gave asymptotically well-behaved func-
tions, they failed to adhere to the theoretically expected ion-dipole
C4/r* dependence at long-range, which was in any case inconse-
quential since the spectroscopic data employed did not reach into
the long-range region.

In 1990, Coxon and Hajigeorgiou [20] proposed the Generalized
Morse Oscillator (GMO) model in the representation of numerical
potential energy points, and employed this function successfully
in subsequent DPF analyses on a variety of diatomic molecular
states [21-23]. The basic structure of the GMO function was that
of a Morse potential that incorporated a radial variation on the
exponential parameter 8. While this PEF form was successful at
representing spectroscopic data to within the estimated experi-
mental uncertainties, it had a built-in flaw that could lead to
pathological behavior of a PEF extrapolated to large-r beyond the
range of the experimental data, if the last fitted parameter of
the p(r) expansion was fortuitously negative. In addition, even in
the case of no pathological behavior, the long-range potentials
did not follow well-known theoretical behavior. Owing to these
two important limitations, the GMO function does not possess
the capability for reliable extrapolation to higher energies.

A more robust PEF was proposed by Dulick in 1993, in a series of
publications from the Bernath group employing DPF methodology
[24-26]. The modified Morse Oscillator (MMO) model served well
in cases where the experimental data did not extend close to the
dissociation limit of the potential well. In 1994, Hajigeorgiou and
Le Roy [27] proposed a PEF model that simulated the expected
long-range asymptotic behavior [28],

V(r) = De — Cp /1" (1)

where D, is the dissociation energy of an electronic state, and C, is
the dispersion energy coefficient of the leading r—" term in the long-
range potential. The power n is determined with reference to the
dissociation products of the electronic state in question. The modi-
fied Lennard-Jones (ML]) model [29] was shown to possess the flex-
ibility to represent effortlessly experimental information that
reached up to 99% of the well depth in energy, in contrast to the
MMO model, which was shown to lack adequate flexibility at higher

energies. The ML] model was employed successfully in a number of
DPF analyses [30-34].

The next significant phase in the evolution of PEFs for DPF anal-
yses was the development in 2006 (publication appeared in 2007)
by Le Roy and Henderson [35] of the Morse/Long-Range (MLR)
potential function that included extended long-range behavior.
The MLR function was capable of modeling the multi-term long-
range expansion [36],

V(r):Deicfh/rnl 7Cn2/rn27"'7 (2)

and the model was employed in many subsequent DPF analyses
[37-42].In 2010, Coxon and Hajigeorgiou [43] undertook an exten-
sive DPF analysis of the ground electronic state of the cesium dimer,
Cs,. These authors proposed a slightly modified and more flexible
version of the MLR model, and labelled it the MLR3 model. The
MLR3 model was highly successful at representing the experimen-
tal spectroscopic information available on the ground electronic
state of Cs;, but it integrated an extra degree of complication that
required more time-consuming testing at the fitting stage.

The implementation of physically sound long-range behavior in
PEF models according to Eq. (2) was discovered to lead to problems
on the inner-limb, particularly when higher-order inverse-power
dispersion energy terms were included. In order to resolve this
problem, Le Roy et al. [44] proposed the inclusion of conventional
dispersion term damping functions that reduced the effect of these
terms on the short-range behavior of MLR-type functions.
Although this eradicated the problems on the inner limb of the
derived PEFs, it introduced further complexity in the PEF models.
Damping functions were also employed in the recent analysis of
hydrogen halide ground electronic states by Coxon and Hajigeor-
giou [14] employing an analogously modified MLR3 model. By this
stage in the development of PEFs for DPF work, it was felt neces-
sary to provide in supplementary materials computer code for
restituting the relevant radial functions, as it was clear that the
PEF models had become somewhat unwieldy, such that significant
effort and time would be required for PEF calculations by the aver-
age user. The extra degree of complexity also introduced additional
parameters to the model. The increased sophistication appeared
essential in order to model the physical behavior of the PEF to a
high degree of accuracy and realism, albeit at the heavy cost of
reduced simplicity.

In summary, then, analytical PEF models started with very sim-
ple flexible mathematical forms, but became progressively more
complicated in order to simulate more realistically the various char-
acteristics of the physics of a chemical bond. This defeated the pri-
mary purpose of employing fully analytical PEF models, and could
be considered an unwelcome shortcoming of current DPF method-
ology. In the next two sections, where the EL] model is described
and tested, it is shown that it is possible to fit highly precise exper-
imental spectroscopic information to a PEF that has a more satisfy-
ing level of simplicity than currently employed models.

3. The ELJ potential energy function
In 2010, Hajigeorgiou [16] proposed a simple modification of

the classic (2n,n) Lennard-Jones function by allowing for a radial
variation of the normally constant power n, as in

vin=.[1- (%" 3)

where r. is the equilibrium internuclear separation. The radial func-
tion n(r) is herein modeled as,

N
n(r) = (Zpi?)fn(r) +m(1—fu(r)), (4)
i=0
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defined with the switching function,

fulr) =1 +exp(da(r = Ry))] ", ()

where §, controls the rate of switching, and R, is the internuclear
distance at which the switching is half completed. In Eq. (4), { is a
dimensionless radial coordinate variable such as the Dunham
&= (r—re)/re variable [18], or the Ogilvie-Tipping z =2(r —r.)/
(r 4+ 1) variable [45], and n; is the power of the leading inverse-
power term in Eq. (2). In practice it is found that the Dunham
variable provides improved economy and flexibility but less stabil-
ity, whereas the Ogilvie-Tipping variable generally displays better
stability but reduced economy. Manual adjustment of the parame-
ters J, and R, is carried out to minimize the standard deviation of
the fit, but this is not excessively time-consuming. A reasonable ini-
tial estimate of R, is the classical outer turning point corresponding
to the highest vibrational level sampled in the experimental data. A
sensible initial estimate of §, falls in the range 5, = 10-15, and this
quantity is manually adjusted during the fitting stage as explained
above. Reliable initial estimates of the p; parameters in Eq. (4) are
furnished by a nonlinear least-squares fit to an available RKR
potential.

While the model described by Egs. (3)-(5) ensures correct qual-
itative radial behavior at long-range, it does not incorporate known
estimates of the dispersion energy coefficients and is thus not
quantitatively consistent with Eq. (2). A further modification is
possible in order to achieve this goal, giving,

Te

n(n7?
vy =oe[1-con ()" ] ©)
where the long-range radial function C(r) can be written as,

f 1 \Cy rey  f
cn = (1~ 7e3) (am) 2ok () + 75 7

=1

where An =n; —n;. As an example, for a three-term summation
with a leading Cg/r® term, ((r) can be written as,
fr(re)’

= (1) (o) (- 2+ ()
8)

and can easily incorporate as many dispersion energy terms as
desired without any ill-effects on the inner-limb behavior. The
radial switching function fz(r), which can be thought of as an
empirical damping function, can be written as,

fir(r) = [1+ exp(due(r = Rir))] ™, 9)

and the ratio f(r)/fr(re) ensures that the ((r) term has a value of
unity at r =r. so as to satisfy the physical/mathematical require-
ments for a well-behaved PEF, as well as to minimize any per-
turbing effects of the PEF model on the fitted equilibrium
internuclear separation. The parameter J¢ is related to the rate of
switching, and Ry is the value of the internuclear separation where
the switching is half completed. The initial estimate of Ry is nor-
mally selected to be a little smaller (~0.1 to 0.2 A) than the well-
known Le Roy radius [46], and both d;z and Ry are varied manually
in order to minimize the standard deviation of the fit. Reasonable
initial estimates of the quantity J;; fall in the range d;z = 5-10.

In order for the EL] model to represent the long-range forces
accurately, it is important that n(r) in Eq. (4) be fully switched to
n; before ((r) is fully switched. This ensures that V(r) converts suc-
cessfully to the expression Eq. (2) in the long-range region.

Finally, it is sometimes found in practice that the relatively high
powers N employed in Eq. (4) may produce unrealistic behavior in
the n(r) function at short-r. This can be dealt with in one of two
ways: (a) by employing different maximum powers N; and Ng for

fir(r)

the inner and outer limbs, respectively, or (b) by directly control-
ling the behavior of n(r) below a certain cutoff internuclear dis-
tance R., adopting a simple slowly-varying mathematical model
in this region. The latter approach has been employed successfully
in past work [33,34]. Both methods were tested and the second
proved more satisfactory, and was thus adopted in all subsequent
applications. The first method introduced excessive time-
consuming testing, and generally the inner limb representation
was found to require polynomial orders that were still high enough
to cause problems at short-r. The simple model selected to repre-
sent n(r) below R, is given by,

n(r) = ae’” forr <R, (10)

and the parameters a and b are estimated uniquely by considering
the values of n(R;) and n’(R.) as determined from Eq. (4) and its first
derivative with respect to r. Although this introduces discontinu-
ities in the second and higher derivatives of n(r) and V(r) at r=R,,
this was not found to affect adversely the stability of the least-
squares fits.

The first derivatives of the Jacobian matrix required for the non-
linear least-squares analysis are obtained using a simple 5-point
finite-difference method. This is not as optimal in terms of execu-
tion time as the use of the Hellmann-Feynman theorem (see for
example Ref. [33]), but it allows for frequent changes in the models
without the need to derive analytical expressions for the deriva-
tives 9V (r)/0p, in terms of fitting parameters p,.

4. Applications
4.1. The ground X*Z, electronic state of 0,

The set of rovibrational term values employed by Hajigeorgiou
[47] to generate a PEF for the ground X>%, electronic state of '°0,
has been employed in the present work as the first test case for
determining an EL] potential for this molecule. These term values
were obtained by subtraction of the spin-spin and spin-rotation
contributions, so that they correspond to the simple mechanical
terms as expressed by the power series,

Ewv =Gy +B,N(N+1) = D[N(N + 1)* + H,[N(N + 1), (11)

and they extend over vibrational levels with v = 0—31, covering
approximately 90% of the potential well depth. The PEF was gener-
ated in the interval 0.75A<r<2.75A using a mesh size of
0.0005 A. The inner and outer classical turning points for v =31
are 0.95 A and 2.03 A, respectively. In addition to obtaining a PEF
for this electronic state, a radial function «(r) that modifies the con-
ventional rotational operator as in,

R [1+o(r)
_ﬂ{ 2 }N(N—s—l), (12)
was included in the Hamiltonian operator, as discussed in Ref. [47].

The value of h*/2 in spectroscopic units employed in all work is
16.85762920 u A%. According to theoretical arguments [48], a(r) is
expected to vanish at the dissociation limit. As such, this function
is dampened using a switching function approach, as in,

N

o(r) = (ch‘)fa(r), (13)
i=0

where

Fo(r) = (14 exp(3(r = Ry))] . (14)

An initial estimate of the pivot point R, can be obtained with
reference to the classical outer turning point of the highest vibra-
tional level sampled in the experimental data, and the initial

B(r)
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damping strength parameter estimate can be in the range
d, = 5-10. Subsequently, R, is gradually decreased until it is found
to have a measurable increasing effect on the standard deviation of
the fit. Finally, 6, is adjusted systematically in order to minimize
the standard deviation of the fit.

The standard deviation achieved in the fit was ¢ = 0.00070 cm ™!,
which can be compared with the analogous value of ¢ = 0.0031 cm™!
reported in Ref. [47]. It is considered that the much improved stan-
dard deviation is not only due to the new ELJ representation; in the
present work, it was possible to obtain an improved mathematical
representation for the o(r) radial function and inclusion of extra
terms was supported statistically, as ascertained by the ratios of
the o; parameters to their estimated standard errors, which were
all significantly greater than unity, and led to a gradual decrease
in the standard deviation. This was not possible for the fit in Ref.
[47]. The ELJ/o(r) parameter set from the unweighted nonlinear
least-squares fit is given in Table 1. The set of constrained param-
eters for all three applications is given later below in Table 4. Fig. 1
shows the n(r) function, and Fig. 2 shows the «(r) function, the lat-
ter being compared with the function reported in Ref. [47]. The two
a(r) functions have the same general shape but differ significantly
in magnitude. It is considered that the present function is an
improved representation, leading to a significantly lower standard
deviation. Although the n(r) function displays a small maximum
near r = 2.3 A, there is no corresponding maximum in the V(r) func-
tion at similar internuclear distances. The presence of a maximum
in the n(r) function is not an unnatural artefact of the least-squares
fit. Increasing the switching function strength to reduce the maxi-
mum feature led to much worsening of the standard deviation of
the fit. Although the outer classical turning point for v =31, the
highest observed vibrational level, is near r=2.0A, the radial
wavefunction of this level is still of significant magnitude in the
vicinity of the maximum in n(r), and therefore the maximum fea-
ture affects significantly eigenvalue calculations in this region. The
n(r) function can be readily calculated where reliable PEF data
exist, and it is found that for some electronic states, as for example
for the ground xlz; electronic state of Cl,, a well-defined maxi-

mum in n(r) does indeed exist. The reason for this phenomenon

Table 1

ELJ potential parameters for the X3Z; electronic state of O,.
Parameter Estimate SD
D, [42055.6 cm™!] Constrained
n(r) function - Ogilvie-Tipping expansion
Te 120752476624 A 7.0 x 1078 A
Po 3.2038495616 25x 107
P1 1.91640907 9.8 x 1073
P2 2.1806630 49 %1074
03 5.99214 46 x 1072
Pa ~1.67857 x 10! 1.6 x 107!
ps 1.04850 x 10' 1.2
D6 5.85040 x 102 5.7
p7 -1.02118 x 10° 2.8 x 10
Ps -1.03271 x 10* 1.4 x 10?
Po 5.13159 x 10* 3.2 x 102
P10 ~5.24653 x 10* 1.8 x 103
P11 —2.87460 x 10° 3.8 x 10°
P12 1.28986 x 10° 7.9 x 103
P13 —2.42989 x 10° 2.1 x 10*
P14 2.28313 x 10° 2.5 x 10*
P15 —8.58258 x 10° 1.0 x 10*
o(r) function - Dunham expansion
N —4.19459 1.3x 107!
s 429223 x 10" 6.4 x 107!
og —3.29590 x 107 13
o7 1.25590 x 10° 1.3 x 10!
olg -2.30370 x 103 3.6 x 10
oy 1.73434 x 103 43 % 10!
%10 —2.85625 x 10? 1.9 x 10!

1 2 3 4 5
Internuclear distance (A)

Fig. 1. The n(r) functions for the ground X>%, electronic state of Oy, the ground
X'T" electronic state of CO, and the ground X'T" electronic state of HF as
calculated from the fitted parameters in Tables 1-3, respectively, and the
constrained parameters in Table 4. The two short vertical dashed lines on each
curve represent the inner and outer classical turning points of the highest observed
vibrational level.

o0s{ 02(X°%)

a(n

-0.05 1

15 2
Internuclear distance (A)

Fig. 2. The «(r) function for the ground X32; electronic state of O, as calculated
from the fitted parameters in Table 1 and the constrained parameters in Table 4.
The black continuous line represents the function obtained in the present work, and
the red dashed line represents the analogous function obtained in Ref. [47]. The
quantities rmin and rmax represent the inner and outer classical turning points,
respectively, of the highest observed vibrational level.

is discussed later on. For the present case, the n(r) function was
represented by a power series in the Ogilvie-Tipping z variable
and the «(r) function in terms of a polynomial in the Dunham ¢
variable. Fig. 3 shows the potential difference function AV(r)
between the present work and Ref. [47]. It is emphasized that
the simplistic Morse-like function employed in Ref. [47] did not
obey the theoretically predicted long-range form for the potential,
whereas the present function applies Eq. (15), below. Thus, at
r=1.9 A, the potential difference function in Fig. 3 peaks at around
225 cm~!. The accompanying negative difference at short-r is a
natural compensating behavior expected so that the pure vibra-
tional eigenvalues are reproduced precisely.
The long-range region was represented by the expression,

V(r) =D — -2 — =2 _ -10 (15)

using the estimate Cg=75,182 A° cm~" from Ref. [49]. The values
Cs=1.14x10° A8 cm™! and Cy0=1.97 x 10° A" cm~! were esti-
mated using standard formulas [50].
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3007
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1 1.5 2 25

Internuclear distance (A)

Fig. 3. The AV/(r) potential difference function for the ground X3 %, electronic state
of Oy, which is calculated as AV (r) = Va016(r) — V2013 (1), where Vy16(r) is the EL] PEF
obtained in the present work and V0;3(r) is the Morse-like PEF obtained in Ref. [47].
The quantities rmin and rmax represent the inner and outer classical turning points,
respectively, of the highest observed vibrational level.

4.2. The ground X'Z* electronic state of CO

A collection of 14,177 pure rotational and vibrational-rotational
spectroscopic line positions for the principal isotopologue '2C'0
was employed in a weighted nonlinear least-squares fit to V(r)
and o(r). The weights of the spectroscopic line positions were
defined as 1/&? where & is the experimental uncertainty of the
ith line position. This data set is identical to the '2>C'®0 subset
employed in a multi-isotopologue fit to the ML] potential function
by Coxon and Hajigeorgiou [33] in 2004. The vibrational energies
cover approximately 75% of the well depth of the ground state
PEF. Radial functions were modeled using polynomial expansions
in the Ogilvie-Tipping variable over the radial range 0.80 A <
r < 2.40 A, using a radial mesh size of 0.0004 A, which are the same
as those employed in Ref. [33]. The inner and outer classical turn-
ing points for v =41, the highest observed vibrational level, are
0.86 A and 1.97 A, respectively.

The dimensionless reduced standard deviation and root-mean-
square deviation (RMS) of the EL] fit is a4 = 0.5582 (RMS = 0.5578).
This is in good agreement with the value RMS = 0.5408 obtained in
Ref. [33] for the '2C'%0 isotopologue. The ML) representation of Ref.
[33] actually required four fewer parameters than the current ELJ
fit, but only a Cs/r®> term was employed for the long-range region
in the former fit, whereas the current ELJ fit employed the long-
range expression,

G G

V(r)=D. — =

5 _F7 (16)

using Cs=113,112A°cm™' and Cg=124,822 A°cm™! obtained
from the matrix elements of Rerat et al. [49].

Table 2 lists the parameter set corresponding to the ELJ/a(r) fit
from the present work. The set of constrained parameters is given
in Table 4. Fig. 1 shows the n(r) function and Fig. 4 shows the o(r)
function for the '2C'0 isotopologue obtained in this work. It is of
interest to comment on the comparison in Fig. 4 between the cur-
rent o(r) function with the entirely equivalent 2004 q(r) function
from Ref. [33]. The agreement between the two radial functions
is very satisfactory in the range 1.0 A <r < 1.8 A. The increasing
deviation for r> 1.8 A is entirely due to the choice in the present
work to dampen o(r) to a limiting value of zero at dissociation,
as explained in Section 4.1 above. This approach had not been fol-
lowed in Ref. [33], leading to a q(r) function with unrealistically

Table 2

ELJ potential parameters for the X'=* electronic state of CO.
Parameter Estimate SD
D, [90,674 cm™'] Constrained
n(r) function - Ogilvie-Tipping expansion
Te 1.128322531930 A 26 x1071°A
0o 2.592554289154 1.1x10°°
P1 1.1609997201 1.8 x 1077
02 52412372427 x 107! 33x1077
03 3.6614162513 x 107! 2.5x10°°
04 3.6945808745 x 10! 50x10°¢
ps 7.221044786 x 10" 19 x107°
D6 8.910983457 x 10" 25%x107°
p7 1.226907435 45 %1075
Ps 4.055633480 x 10~ 1.1x10°°
Po ~2.248557034 x 10! 40x107*
P10 4.22326463 x 10’ 1.1x10°*
P11 1.12448063 x 10? 40x 1073
P12 ~6.65662011 x 10> 1.5 x 1072
013 1.2660188 x 10° 23 %1072
P14 ~1.0950463 x 103 2.2 x 1072
p1s 3.5004062 x 102 22 %1072
a(r) function - Ogilvie-Tipping expansion
o —-2.532641 x 107* 23 x1077
253 —~3.697588 x 10~* 4.2 x 1077
o3 5.470980 x 10~* 63 %1077
o4 1.524826 x 104 1.2x10°°

0.0001

CO (X '5%)

a(n

-0.0001

-0.0002 T T T T T T T T T T T
1 1.5 2

Internuclear distance (A)

Fig. 4. The o(r) function for the ground X'X" electronic state of CO as calculated
from the fitted parameters in Table 2 and the constrained parameters in Table 4.
The black continuous line represents the function obtained in the present work, and
the red dashed line represents the analogous q(r) function obtained in Ref. [33]. The
quantities rmi, and rmax represent the inner and outer classical turning points,
respectively, of the highest observed vibrational level.

increasing negative magnitude at large r. Finally, Fig. 5 shows the
potential difference function AV(r) between the present work
and Ref. [33]. It is clear that the observed discrepancies at large-r
begin to increase dramatically beyond the outermost classical
turning point, indicating significant differences in how the long-
range portion of the EL]J and ML] potentials were handled. It is
worth emphasizing that a wide range of values §;z (6.0-8.0) and
Rz values (2.70-3.10 A) were experimented with for the ELJ poten-
tial, leading always to insignificant differences in the long-range
form. This indicates that the two-term dispersion energy depen-
dence of Eq. (16) gives consistently the same long-range potential.
The abrupt increase in AV(r) for r>2 A could indicate that use of
the leading Cs/r> term alone in Ref. [33] gives a poorer representa-
tion of the long-range portion of the CO potential.
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AV(P) (cm™)

1 2 !
Internuclear distance (A)

Fig. 5. The AV/(r) potential difference function for the ground X' =" electronic state
of CO, which is calculated as AV(r) = Va016(r) — Va00s(r), Where Vog16(r) is the ELJ
PEF obtained in the present work and Vg6 (r) is the ML] PEF obtained in Ref. [33].
The inset on the upper right corner is an expanded view of a narrower section of the
AV(r) potential difference function. The quantities ri, and rma.x represent the inner
and outer classical turning points, respectively, of the highest observed vibrational
level.

It is of interest to compare the equilibrium internuclear separa-
tions obtained herein and in past work. In the present work, the
estimate r. = 1.1283225319(3) A was obtained for the isotopo-
logue '2C'®0, whereas Coxon and Hajigeorgiou [33] reported the
estimate r. = 1.1283225284(3) A. The difference in the two values,
Ar. = 0.0000000035 A is much larger than the combined uncertain-
ties. There are four reasons for this discrepancy: (a) model
dependence, (b) the estimate of Ref. [33] resulted from a multi-
isotopologue fit, such that the estimated r. value had to satisfy
the spectroscopic information for all isotopologues, not just
12C160, (c) a slightly different set of fundamental physicochemical
constants was employed in Ref. [33] (h?/2=16.85762909 u A®
versus h2/2 =16.85762920 u A2 in the present work), and (d) a
small difference in the reduced molecular masses employed
(1 =6.856208638 u in Ref. [33], versus u=6.856208640 u in the
present work). In view of these considerations, the agreement is
satisfactory.

4.3. The ground X'X* electronic state of HF

The data set for the ground electronic state of HF comprises a
total of 3252 spectroscopic line positions that include pure
rotational, vibrational-rotational and electronic (B'E" — X'X%)
transitions, covering approximately 99.3% of the well depth in
vibrational energy. Radial functions were determined in the inter-
val 040 A <r<8.40A, using a grid spacing of 0.0005 A. These
values are identical to those employed in the 2015 [14] fit. The
HF data set employed recently by Coxon and Hajigeorgiou [14]
included 3226 spectroscopic line positions, 26 fewer than that of
the current data set. The discrepancy is related to spectroscopic
transitions that were excluded in Ref. [14] due to residuals
between the observed and calculated line positions that exceeded
three standard errors, but that could be included in the current fit
to the ELJ model. This difference is expected to lend slightly
increased reliability to the radial functions determined in the
present work, but also increase the standard deviation of the fit.

In 2006, Coxon and Hajigeorgiou [34] had performed a fit to the
PEF of the ground electronic state of HF by considering multi-
isotopologue data, using the ML] potential model. In that work, a
total of 17 fitted parameters were required to define the PEF for

Table 3

ELJ potential parameters for the X'=* electronic state of HF.
Parameter Estimate SD
D, [49361.6 cm™'] Constrained
n(r) function - Dunham expansion
Te 0.91683896366 A 1.5x 1078 A
Po 2.0346549019 24 %1077
p1 8.023130326 x 107! 7.4 x 1076
02 1.02189123 x 10" 22x107°
03 2.13449099 x 10! 12x10
P4 —5.33673320 x 102 40x 1074
s 45222725 x 1072 20x1073
D6 ~1.076711 x 10" 3.7x1073
07 1.547787 x 107! 1.1 x107?
Ps 3.339251 x 10" 3.3 x 1072
Do ~1.745053 44 %1072
P10 3.154700 2.7 x1072
P11 ~3.229448 23x1073
P12 2.033251 1.0 x 1072
P13 ~7.803793 x 10" 6.8 x1073
D1a 1.678004 x 10! 1.9 x 1073
P1s ~1.563306 x 1072 21x107
o(r) function - Dunham expansion
o —6.875509 x 107> 1.7 x 107
Oy —6.297063 x 1074 23 x10°°
o3 2.031582 x 10°* 5.1x107°
o4 2.970436 x 104 1.1x107*
Ols —1.128898 x 103 1.7 x 107
o 5.874624 x 1074 1.1x107*
o7 ~2.026593 x 1074 23x10°°
OAT, 7459 x 102 cm ! 3.1 x 103 cm!

this electronic state. By contrast, the more recent 2015 fit by Coxon
and Hajigeorgiou [14] required a total of 33 fitted parameters to
represent the same PEF. It is thought that the drastic difference
in the required number of PEF parameters is related to the use of
more complicated models in the 2015 fit. Specifically, this relates
both to the PEF potential model (MLR3) and the isotopically invari-
ant function Uy(r) (see Ref. [14]). In any case, an important objec-
tive of DPF analysis is to employ as small a parameter set as
possible. Table 3 lists the parameter set required to define the HF
ELJ/o(r) radial functions. The set of constrained parameters is given
in Table 4. In the current work, the representation of the HF ELJ
model required 17 fitted parameters, exactly the same as the
2006 MLJ fit. Dunham polynomial representations were employed
both for the n(r) and o(r) (q(r)) radial functions.

In both the 2006 [34] and 2015 [14] DPF analyses, the PEF of the
B'X" electronic state of HF had also been fitted directly. In the pre-
sent work, since the emphasis was on the PEF of the ground elec-
tronic state, the fit involved constraining the energy term values
for the B'X" electronic state to the set published recently [14].

Table 4
Constrained ELJ potential parameters.
Parameter 0, (X°%;) co (X'z*) HF (X'Z%)
Eq. (,.5)
o (AT 14.0 15.0 9.0
Ra (A) 2.19 2.55 2.60
Eq. (9)
Sig (A 8.0 8.0 8.0
Rir (A) 232 2.90 3.15
Eq. (14)
5y (A1) 8.0 5.0 0.9
Ry (A) 1.70 230 2.85
Eq. (10)
a 0.91199252 1.55292286 1.29868417
b (A" 1.15137338 0.46246693 0.50644352
R.(A) 0.9645 0.87 0.60




10 P.G. Hajigeorgiou /Journal of Molecular Spectroscopy 330 (2016) 4-13

0
HF (X 'Z*) //"
//,’
data range A 2006
s 2015 ™.
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Fig. 6. The «(r) function for the ground X'X" electronic state of HF as calculated
from the fitted parameters in Table 3 and the constrained parameters in Table 4.
The black continuous line represents the function obtained in the present work, the
red short-dashed line represents the analogous q(r) function obtained in Ref. [14],
and the blue long-dashed line represents the analogous q(r) function obtained in
Ref. [34].

The quantity 6AT. represents a constant shift from the electronic
term value of the B'X" electronic state, and was found to be signif-
icantly determined in the present work.

Fig. 1 shows the n(r) function obtained in the present work, and
Fig. 6 shows the o/(r) function from the present DPF fit. For the lat-
ter, there is a comparison with the completely analogous 2015 q(r)
function [14], and the 2006 q(r) function [34]. It is obvious that the
agreement between the three functions is very satisfactory in the
range covered by the data, but beyond this region there are signif-
icant, yet largely inconsequential, differences. Fig. 7 shows the
potential difference function AV(r) between the present work
and Ref. [14]. It is seen in Fig. 7, that the potential difference func-
tion between the EL] and MLR3 functions is quite reasonable, par-
ticularly over the inner and outer classical turning points (0.62 A
and 2.87 A, respectively) for v =19, the highest observed level.
The oscillatory nature of AV(r) at large-r is likely due to the very
high degree polynomial employed in Ref. [14], and the different

7rmin FImax
11
: i HF (X 'Z%)
57I 1
E
L ]
S0
s |
Ps]
-5
LA L B B R B B B R B N S B R B BB B R I S B R L R
1 2 3 4 5 6

Internuclear distance (A)

Fig. 7. The AV(r) potential difference function for the ground X'=" electronic state
of HF, which is calculated as AV(r) = V2016(r) — V2015(r), where V014(r) is the ELJ PEF
obtained in the present work and V5¢;5(r) is the MLR3 PEF obtained in Ref. [14]. The
quantities rmin and rmax represent the inner and outer classical turning points,
respectively, of the highest observed vibrational level.

way in which the long-range dispersion term damping is handled
in the two analyses.

The dimensionless reduced standard deviation obtained in the
present fit is g4=1.0381 (RMS =1.0328), which compares well
with the RMS = 0.9862 obtained in the most recent DPF analysis
[14]. The present value is slightly higher because of the inclusion
of 26 additional spectroscopic line positions having generally
higher residuals. The estimate r.=0.91683896(1)A obtained in
the current DPF fit, is in excellent agreement with the estimate
from the 2015 DPF analysis, r.=0.91683897(4) A, which was
obtained by considering only lower-v spectroscopic data, and with
the full-v 2006 estimate, r. = 0.91683896(2) A.

The long-range region model employed in the current fit is
identical in form to Eq. (15). The estimates employed in the present
work are Cs=31,755A°cm™, C3=1.667 x 10°A®cm™" and
Cio=1.125 x 105 A’ cm~!, which are ab initio estimates from the
work of Zatsarinni et al. [51]. These were also employed in the
2015 DPF fit [14], but the 2006 DPF fit [34], which was based on
the simpler MLJ model, included only the leading inverse-power
Cg/r® term and employed an older and less accurate Cg constant
[52].

5. Discussion and conclusions

In the present work, a modified version of the potential model
of Hajigeorgiou [16] was employed in DPF analyses of the ground
electronic states of O,, CO and HF. The principal objective of the
present work was to demonstrate that the EL] model can lead to
simple, reliable, and compact representations of the PEF of a single
electronic state of a single isotopologue. The scenarios of including
more electronic states and more isotopologues in simultaneous
DPF fits will be explored in future work. Insofar as simplicity in
the models of all radial functions will be sought, it is not expected
that these investigations will change significantly the main conclu-
sions reached in the present work.

In terms of compactness, the ELJ model demonstrated perfor-
mance very similar to the equally simple ML] model. However,
the ELJ model can accommodate a multi-term dispersion energy
coefficient set, whereas the ML] model is fundamentally restricted
to include only the leading inverse-power dispersion energy term.
This can be considered the greatest advantage of the ELJ model
over the ML] model. The simple MLR model, which does not
include dispersion damping functions, suffers from problems on
the inner limb due to runaway inverse-power terms at short-r. This
is not the case for the EL] model proposed herein. In terms of reli-
ability, the EL] model produced PEFs that are in very good agree-
ment with those obtained in previous work using other types of
mathematical models, some of which are more complicated in
form and can lead to less compact representations. An additional
positive feature of the EL] model is that it inherently involves less
experimentation and fine-tuning at the fitting stage compared to
the MLR/MLR3 models, owing to the use of simpler polynomial
expansion variables, such as those of Dunham and Ogilvie-
Tipping. The use of Surkus-like variables in MLR/MLR3 analyses,
the use of a manually adjustable pivot point different than r. for
some polynomial expansions, as well as the additional option to
have different numbers of terms for the inner and outer limbs for
the various radial functions, requires significantly more testing in
converging to the best representations.

As stated earlier, the long-range damping function parameters
Sir and Rig in Eq. (9) are adjusted manually by reference to the
standard deviation of the least-squares fit. However, this is not
the sole criterion for making adjustments to the long-range poten-
tial region. A critical test of the reliability of the long-range por-
tions of the derived PEFs and of their ability to extrapolate
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dependably consists of constructing and examining “Le Roy” limit-
ing long-range diagrams. For both O, and HF, the long-range PEFs
were represented by the expression Eq. (15). This expression can
be transformed as in,

Cg C
C'(r) =1°[De — V()] = Cs +r—§ 2 (17)
C C
Cgff(r) -8 {Der(r)*r—:} =C8+%, (18)
Cs C
Gt - rofpe-vin -GS o )

and in each case a plot should be made with the left-hand-side of
Egs. (17)-(19) as the ordinate and the function 1/ as the abscissa.
In making such a plot for Eq. (17), for example, the ordinate inter-
section point where the abscissa is equal to zero (very large r)
should be equal to Cs and the slope of the limiting (r — oo) curve
should be equal to Cs.

These diagrams are shown for the ground X'X" electronic state
of HF in Figs. 8-10 for Eqgs. (17)-(19), respectively. Similar dia-
grams are constructed for O,, shown in Figs. 12-14 inclusive, and
for CO in Figs. 15 and 16. Figs. 12-16 are given as Supplementary
material. The diagrams shown for O, and HF are very satisfactory
indicating that the PEFs for these molecules should have depend-
able extrapolation properties to higher energy. For CO, the analo-
gous diagrams are reasonable though not quite as aesthetically
pleasing as in the cases of O, and HF. They do, nevertheless, satisfy
the long-range conditions. These observations for CO may be
related to the much wider extrapolation from the highest observed
vibrational level to the dissociation limit for this diatomic molecule
than what is the case for O, and HF, and also because of the fact
that two dispersion coefficients (Cs and Cg) were employed only.

A crucial observation is made in examining the two plots of
Eq. (19) for HF and O, and the analogous plot for CO (Figs. 10, 14
and 16 respectively). The limiting slopes (r — co) of the curves
are exactly zero. This is a clear indication that no implicit higher-
order inverse-power terms are generated for the ELJ] model. This
is not the case for the MLR/MLR3 models, where it is found that
implicit terms beyond the order employed explicitly are generated
because of the very structure of the models. Specifically, the
dispersion term damping functions employed in these models do
not tend to zero fast enough as r — 0, whereas for the ELJ model
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Fig. 8. Limiting long-range diagram for the ground X'X* electronic state of HF. The
solid line shows the function C&(r) = 18D, — V(r)] plotted versus 1/r2 (see text, Eq.
(17)) using the fitted EL] potential obtained in this work. The red line represents the
term Cs + Cg/r? calculated from the theoretical dispersion constants of Ref. [51].
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Fig. 9. Limiting long-range diagram for the ground X'=* electronic state of HF. The
solid line shows the function C' (r) = r8[D, — V(r) — Ce/r%] plotted versus 1/r2 (see
text, Eq. (18)) using the fitted ELJ potential. The red line represents the term
Cg + Cyo/1? calculated from the theoretical dispersion constants of Ref. [51].
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Fig. 10. Limiting long-range diagram for the ground X'X" electronic state of HF.
The solid line shows the function CST(r) = r'9[D, — V(r) — Cs/r® — Cs/r®] plotted
versus 1/r2 (see text, Eq. (19)) using the fitted EL] potential. The red horizontal line
represents the constant term Cyo obtained from Ref. [51]. The limiting (r — oo) slope
of zero of the black curve indicates that there are no implicit higher-order terms
inherent in the ELJ model (see text).

the collective empirical damping function fz(r)/fx(re) in Eq. (7)
ensures that these terms disappear completely for r <r.. The
MLR/MLR3 finite implicit terms are often completely inconsistent
with the expected values of the higher-order dispersion coeffi-
cients, although a simple MLR3 adaptation by Coxon and Hajigeor-
giou [14] has made it possible to reproduce the theoretical value of
the first implicit higher-order dispersion coefficient. However, it
must be made clear that the presence of such implicit terms for
the MLR/MLR3 models is considered more of an undesirable com-
plication rather than an advantage. In the application of the ELJ
model as presented herein, the dispersion energy inverse-power
series can be as extensive as desired without causing any short-r
problems, and without the need for extensive complicated damp-
ing functions for each term. In addition, it can be shown that the
individual dispersion term damping functions employed in the
MLR/MLR3 models have finite magnitudes at the potential mini-
mum, which may also adversely affect the determination of accu-
rate estimates of the equilibrium internuclear separation, re. In the
construction of the EL] model, such damping was adjusted to
have no effect at the potential minimum, as discussed previously
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following Eqgs. (6)-(9). These considerations constitute important
advantages of the ELJ form over the MLR/MLR3 models.

It is equally important to draw attention to some of the less pos-
itive features of the EL] model, as ascertained in the present work.
One undesirable characteristic is the necessity to control directly
the inner limb behavior through the methodology inherent in
Eq. (10), and discussed further in Section 3 above. This is an inevitable
consequence of employing high powers in the polynomial expan-
sion for n(r) in order to achieve success in representing highly pre-
cise spectroscopic data to within the experimental uncertainties. In
the future, the approach of using an expansion point other than r,
in Eq. (4), such as the R, approach used in MLR/MLRS3 fits, will be
investigated. This approach has been shown to reduce the number
of polynomial terms required for a satisfactory fit, and this would
reduce the possibility of unreasonable behavior in n(r) for the inner
limb. Another feature that may be considered less than desirable is
the use of a collective damping function for all dispersion energy
terms in Eq. (7). This approach has been employed also by other
authors [53-55] in similar type of work, but the alternative
approach of applying individual damping functions for each dis-
persion energy term may be considered more appropriate in terms
of theoretical considerations. Specifically, it is expected that as the
electron clouds begin to overlap on shorter internuclear separa-
tions, the dispersion terms would weaken, but each dispersion
term would do so at different rates. It is important to state, how-
ever, that the dispersion damping functions employed for the
MLR/MLR3 models are generalized extensions derived from
numerical hydrogen-hydrogen dispersion damping functions that
were calculated by ab initio methods [56]. It has not been demon-
strated rigorously that the Douketis-type damping functions [57]
would correspond to the proper ab initio calculations beyond
hydrogen. In principle, ab initio calculated dispersion damping
functions should be employed when atoms other than hydrogen
are involved. It would then appear that the damping functions
employed for the MLR/MLR3 models are to a certain extent
approximations. In any case, aside from the theoretical arguments
on which they rest, the principal aim of damping functions is the
prevention of erratic behavior in V(r) on the inner limb due to
the ordinary poles at r=0 of all dispersion energy inverse-power
terms. It is therefore considered that the use of a communal damp-
ing function offers significant advantage in terms of the simplicity
imparted to the model.

The use of three individual switching functions in the current
work may be considered a drawback, particularly as the use of
switching functions of the type employed herein has been criti-
cized previously [48] for having ad hoc arbitrary nature. A con-
comitant objection may be raised due to a perceived requirement
of spending a great deal of time in optimizing the parameters of
such functions. In defense of switching functions, these are
employed widely in chemical physics, and in the present applica-
tions precise prescriptions were provided for the selection of initial
estimates for the pivot radial distances R,/R;g/R,, and their associ-
ated damping strength parameters 6,/dr/d,. It must also be
emphasized that the switching functions are not entirely indepen-
dent entities, but are to a certain extent amalgamated with the
radial functions to which they are coupled. This makes possible a
fairly wide range of acceptable parameter sets for the switching
functions, minimizing the time required to optimize the models.
In addition, in the present work, it has been clearly demonstrated
that the use of switching functions can naturally produce sensible
long-range limiting diagrams, without compromising the quality of
the fit. At an early stage of testing the EL] model, sigmoidal switch-
ing functions of the type,

RP
— 1
RV 417’

fir) (20)

were experimented with, and these bear some resemblance to the
Surkus-like functional forms employed in MLR/MLR3 models. These
switching functions were found to give results that were essentially
identical to those obtained using the forms finally adopted in this
work and thus offer no further advantage. In both cases, there are
two adjustable parameters, thus, in principle, either type of sig-
moidal switching function could be employed with the ELJ model
and the issue is reduced to one of personal preference.

In the application to the ground electronic state of O, the poten-
tial difference function AV(r) displayed significant magnitude at
large-r, most likely due to the introduction in the present work
of proper long-range behavior. The positive differences at large-r
are accompanied by larger negative differences at short-r, so that
the energy term values are reproduced satisfactorily by the combi-
nation of V(r) and «(r). This observation may imply a certain degree
of non-uniqueness in the fitted radial functions when employing a
set of calculated term values as the observables. That is, two differ-
ent combinations of V(r) and o(r) were found to represent satisfac-
torily the same set of calculated term values, in the present work
and in Ref. [47]. This type of non-uniqueness has been discussed
and treated mathematically in Hajigeorgiou’s doctoral dissertation
[58]. Basically, it was shown therein, using a purely mathematical
argument, that there exists, in principle, an infinite number of rota-
tionless internuclear potential functions, having different equilib-
rium internuclear distances but identical shapes, and that are
associated with identical vibrational point spectra. In a similar
way, each unique PEF is associated with a unique, and appropri-
ately transformed o(r) function, so that an infinite combination
of W(r)-a(r) function sets can replicate the same vibrational-
rotational eigenvalues. The work of Watson [59] showed that
non-uniqueness in the determination of pertinent radial functions
does indeed rest on a sound theoretical footing, but a common ref-
erence convention was suggested for eliminating the non-
uniqueness in applying the arbitrary constraint o(r.) = 0.

As discussed earlier on in Section 4.1, the fitted n(r) function for
0, displays a real well-defined maximum on the outer limb. A sim-
ilar maximum in n(r) is also found for the ground X'X; electronic
state of Cl,, but it does not appear for HF and CO. It is of interest to
discuss the reasons for the appearance of this maximum in n(r).
The function n(r) is essentially a collection of “local” effective n val-
ues in representing the PEF by Eq. (1). If the outer limb energy rises
fairly steeply towards the dissociation limit, the local value of n
would be expected to increase. Upon reflection, another way to
picture this is by considering the degree of anharmonicity of the
PEF. One would expect that the lower the anharmonicity on the
outer limb, the higher the local values of n. It is therefore entirely
possible that a PEF with a very small degree of outer limb anhar-
monicity will produce local n values that can exceed the limiting
n; value in Eq. (2), before eventually settling to the long-range
value of ny. This situation gives rise to a maximum in the n(r) func-
tion. In order to assess the relative degree of anharmonicity in PEFs
for different electronic states, it is helpful to consider a plot of
reduced PEFs, with r/r. as the abscissa and V(r)/D. as the ordinate.
This type of plot is shown in Fig. 11. It is very clear that the ground
states of Cl, and O, have relatively small degrees of anharmonicity,
and thus display a maximum in their respective n(r) functions. By
contrast, the relatively high anharmonicity PEFs of CO and HF are
not associated with maxima in n(r) in Fig. 1.

The computer code for performing the analyses described in
this article is not adequately generalized at this time to warrant
its mass distribution. Investigators interested in having access to
this code may contact the author directly.

In conclusion, there appears to be no exclusive mathematical
form for representing the PEF of a well-behaved isolated electronic
state. One must aim to construct a simple empirical closed-form
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Fig. 11. Reduced internuclear potential energy curves for the ground electronic
states of Cl, HF, O,, and CO. For HF, O,, and CO these curves were calculated from
the fitted PEFs obtained in the present work, and for the ground electronic state of
Cl, the original PEF was obtained from the work of Douglas and Hoy [60].

model, as compact as possible, and replicating as closely as can be
reasonably expected the actual physics of a chemical bond. The
present work has demonstrated the usefulness of the EL] model
for DPF work in diatomic molecules. The model leads to simple,
compact and reliable representations of the PEF and can thus be
added to the collection of suitable functions for DPF analysis of dia-
tomic systems. In terms of complexity, it falls somewhere in-
between the MLJ and the MLR models. The EL] model, as demon-
strated in the present work, represents a compromise between
simplicity and the theoretically known physical behavior of a dia-
tomic internuclear bond.
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